THE KERNEL OF THE DETERMINANT MAP ON CERTAIN 
SIMPLE C*-ALGEBRAS 



P. W. NG 



Abstract. Let A be a unital separable simple C*-algebra such that either 

(1) A has real rank zero, strict comparison and cancellation of projections; 
or 

(2) A is TAI. 

Let At : GL°(A) — > E u /T(Ko(A)) be the universal determinant of de la 
Harpe and Skandalis. 

Then for all x G GL°(A), A T (x) = if and only if x is the product of 8 
multiplicative commutators in GL°(A). 

We also have results for the unitary case and other cases. 



1. Introduction 
Let A be a unital C*-algebra and let x £ A. 
Question. 

(1) When is x a finite sum of additive commutators? I.e., when is x a sum of 
finitely many elements of the form ab — ba where a,b £ A? 

(2) If x is invertible (unitary) when is x a finite product of multiplicative 
commutators? I.e., when is x a product of finitely elements of the form 
yzy~ 1 z~ 1 where y,z £ A are invertible (resp. unitary) elements? 

The first question has a long history, is connected to basic questions about the 
structure of C*-algebras, and is still a subject matter of recent papers. (E.g., see 
HB, 0, [H], M OH, 0, [27], [26], @] and the references therein.) 

In this paper, we focus on the second question. The first result in this direction 
is due to Brown and Pearcy who proved that every unitary operator on a separable 
infinite dimensional Hilbert space is a multiplicative commutator of unitaries, i.e., 
has the form vwv*w* where v, w are unitary operators on the Hilbert space ([3]). 
This was generalized by M. Broise who proved that a von Neumann factor A4 is 
not of finite type I if and only if every unitary operator in A4 is a finite product of 
multiplicative commutators of unitaries ([JJ). 

In [10] , Fack and de la Harpe proved that if M. is a type II\ factor and x £ M. is 
invertible, then x has Fuglede-Kadison determinant one if and only if ir is a finite 
product of multiplicative commutators, i.e., a finite product of elements of the form 
yzy~ 1 z~ 1 where y, z £ M. are invertibles. (See [10] Proposition 2.5.) 

de la Harpe, Skandalis and Thomsen generalized the above results to classes 
of C*- algebras that are not necessarily von Neumann algebras. For a unital C*- 
algebra A, let GL°(A), V (A) denote the connected component of the identity of 
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the invertible group of A and the connected component of the identity of the unitary 
group of A respectively; let DGL°(A), DU°(A) denote the commutator subgroups 
of GL°(A) and U°(A) respectively; and let At denote the universal determinant 
of A, introduced by de la Harpe and Skandalis in [14]. (More information about 
At and basic references can be found at the end of this introduction.) In [15] 
Theorem 6.6, de la Harpe and Skandalis proved that if A is a unital simple infinite 
dimensional AF-algebra and x € GL°(A), then At(x) = if and only if x is the 
product of four multiplicative commutators in GL°(A). They have a similar result 
for U°(A), when A is simple AF ([TS] Proposition 6.7). Moreover, when A is simple 
AF, DGL°(A) and DU°(A) are both simple modulo their centres ([16]). Finally, 
when A is a unital simple properly infinite C*-algebra, both GL°(A) and U°(A) 
are perfect groups (jT5] Theorem 7.5 and Propositon 7.7). 

In [30], Thomsen generalized de la Harpe and Skandalis' results to the class of 
unital C*-algebras A which have the following properties: 

(1) A is an inductive limit where the building blocks have the form M ni (C(Xl))© 
M„ 2 (C(X2))©...©M ra) . (C(Xk)) such that each Xj is a compact metric space 
with covering dimension dim(Xj) < 2 and H 2 (Xj,Z) = 0. 

(2) Kq(A) has large denominators. 

Henceforth, we will call the above class of C*-algebras "Thomsen's class". 

In [30] Theorem 3.4, using fundamental results in classification theory that 
Thomsen developed, it was proven that for a C*-algebra A in Thomsen's class, 
for x £ GL°(A) (or x g U°(A)), At(x) — if and only if a; is a finite product 
of commutators in GL°(A) (respectively in U°(A)). We note that these results 
(unlike the result of, say, |15) Theorem 6.6 which gives four) does not give a bound 
on the number of commutators. Moreover, the argument itself does not give such 
a bound. Finally, in [30] Theorem 4.1 and Theorem 4.3, it was proven that for a 
C*-algebra A in Thomsen's class, DGL°(A) and DU°(A) are both simple modulo 
their centres. 

In this paper, we generalize the results of [15] and [30] to the class of simple 
TAI-algebras and the class of simple unital C*-algebras with real rank zero, strict 
comparison and cancellation of projections. (The definition of "TAI-algebra" is in 
Definition 11.11 ) These are large classes of C*-algebras which have been important 
in the classification program. (E.g., the C*-algebras in [5] and [5] belong to these 
classes.) These classes also include the classes in [15] and [30] (in the simple finite 
case). Our main result is the following: Let A be a unital simple separable C*- 
algebra such that either (a) A is TAI or (b) A has real rank zero, strict comparison 
and cancellation of projections. Let x € GL°(A). Then At(x) = if and only if x 
is the product of eight multiplicative commutators in GL°(A). (See Theorem 13.51 
and Theorem |L2]) We note that unlike the (nonetheless interesting) results in |30) . 
there is a bound (eight) on the number of commutators. It is an open question 
whether we can reduce the bound. We also have results in the unitary case. (See 
also Theorem 12. 181 and Theorem 14. II ) 

The arguments in our paper extensively use techniques from classification theory, 
including a difficult uniqueness theorem from the literature (Theorem 12.111) . 

We end this section by giving some basic references and fixing some notation 
and definitions which we will use throughout this paper. 

A basic reference for the de la Harpe-Skandalis determinant is [14]. A good 
summary can also be found in [13]. A basic reference for TAI algebras is [20] . 
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We now fix some notation and definitions. We refer the reader to the refer- 
ences given above for more details. For a unital C*-algebra, A and for n £ 
{1,2,....} U {oo}, let U n (A),U°(A),GL n (A),GL°(A) be the unitary group, the 
connected component of the identity of the unitary group, the group of invert- 
ibles, and connected component of the identity of the group of invertibles respec- 
tively of M n (A). Oftentimes, we use U(A),U°(A),GL(A),GL°(A) to abbreviate 
Ui(A), U?(A), GLi(A),GL\(A) respectively. Also, for a group G and for x,y £ G, 
we let (x,y) denote the multiplicative commutator (x, y) = ( y xyx~ 1 y~ 1 . We let 
DG denote the commutator subgroup of G, i.e., the subgroup of G generated by 
the multiplicative commutators (x,y) where x,y £ G. (E.g., DU°(A) is the com- 
mutator subgroup of U°(A).) 

For a Banach space E, a tracial continuous linear function r : A — > E, and 
for a piecewise continuously differentiable curve £ : [to,ii] GL^ 10 (A), we let 
&r(0 =<V TFi It', r(f'(*)£(t) -1 )dt e E (section 1 of [14]; see also section 6 of [13]). 
By [14] Lemma 1 (c) (also [13] Lemma 10(iii)), A T (£) depends only on the homotopy 
class of £ (with endpoints fixed). This (and a form of Bott periodicity) then induces 
a group homomorphism A r : GL^ Xi {A) — > E/t(K (A)) ([H] Proposition 2; also [T3] 
Theorem 13). 

Let E u denote the Banach space quotient of A by the closed linear span of 
the additive commutators [a, b] =df ab — ba, a,b £ A, i.e., E u =df A/[A,A]. 
Let T : A — > E u denote the natural quotient map. (T is called the universal 
tracial continuous linear map.) From the above, we have a group homomorphism 
At ■ GL^^A) — > E u /T(Kq(A)) which is called the universal de la Harpe-Skandalis 
determinant. Throughout this paper, we will simply call At the de la Harpe- 
Skandalis determinant. (We note that this determinant has been useful in classifi- 
cation theory. See, for example, [21], [2"5].) 

Next, for a unital C*-algebra, we let T(A) denote the simplex of tracial states 
on A. 

We let T denote the unit circle of the complex plane; i.e., T —df {z £ C : \z\ = 1}. 

Throughout this paper, we let INT denote the class of C*-algebras of the form 
©jli ®h where for each j, Bj = M nj or Bj = M. nj (C[0, 1]) for some positive integer 
rij. 

The following notion is due to Lin: 

Definition 1.1. A unital simple C*- algebra A is said to be tracially AI (TAI) if 
for any e > 0, for any finite subset T C A, and for any nonzero positive element 
a £ A+, there exists a projection p £ A and a C*-subalgebra X £ INT with lj = p 
such that 

(1) 1 — p is Murray-von Neumann equivalent to a projection in aAa. 

(2) \\px — xp\\ < e for all x £ I s , and 

(3) pxp is within e of an element of I, for all x £ T , 

(Note: In the above definition, "AI" abbreviates "approximately interval" .) 

Every simple unital TAI-algebra is quasidiagonal, has real rank at most one, 
stable rank one, property (SP), and strict comparison (of projections by tracial 
states) . The Kg group of a simple unital TAI-algebra has weak unperforation and 
the Riesz Interpolation Property. Many simple C*-algebras are TAI; in particular 
every simple unital AH-algebra with bounded dimension growth is TAI. (E.g., the 
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algebras in [6] and [8] are TAI.) For these and other basic results about TAI- 
algebras, we refer the reader to [20] . 

Remark 1.1. By [3U] Corollary 3.3, for the C*-algebra 1 in Definition \l.ll the 
matrix sizes of the summands of X can be taken to be arbitrarily large. I.e., for 
every L > 1 , we can find an X satisfying the conditions in Definition \1.1\ such that 
every irreducible representation of I has dimension greater than L (i.e., the image 
of any irreducible representation of T has the form with k > L). 

A hnal note: In the results that follow, we will often state the result in general, 
but only prove it in the infinite dimensional case. 



2. The TAI Case 

Lemma 2.1. There exist two continuous functions v,w : (— 7r/2,7r/2) 
such that 



SU{2) 



(v{t),w(t)) = 







and 



IK*) -ill, IHi)-i|l<| e lt 

v(0) = w(0) = 1 



l|i/a 



for all t e (-7r/2,7r/2). 

Proof. This follows from [T5 
follows from the inequalities. 



Lemma 5.13. (Note that that Vj(0) = 1 for j = 1,2 



□ 



Corollary 2.2. Let a e T. 

Then there exist unitaries v, w G M 

(v,w) 



) such that 

a 
a 



If, in addition, \a — 1| < \f2, then we may choose v,w so that 

Iko-lll < |a-l| 1/2 



Proof. If \a — 1| < \/2 (i.e., the principal argument of a is in (— 7r/2, 7r/2)), then 
the result follows from Lemma \2. II 
For general a £ T, we note that 



a 
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' 


1 " 




a 
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□ 

We now fix a notation. Let A be a metric space and let S C X be a subset. For 
every 6 > 0, let N(S,5) denote the 5 -neighbourhood of S; i.e., N(S,S) =df {t € X : 
dist(t,S) < 6}. 

Lemma 2.3. Let 6 : [0, 1] — > R be a continuous map. 

Then there exists v\, w±, v%, u>2, Va, W3, V4, u>4 G U(M.2(C[0, 1])) such that 

e iB(s) Q 

(vi(s),Wi(s))(V2(s),W2(s))(v 3 (s),W3(s))(va(s),W4,(s)) = 







-iS{s) 
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for all s G [0, 1] . 

Moreover, if there exists an open set G C [0, 1] such that 9{s) = for all s G 
0, 1] — G, then for every S > 0, we can choose the unitaries so that w\ = w% = 

^ J , and Vk(s) — Wj(s) = 1 for all s G [0, 1] — N(G,S) and for 1 < k,j < n 

wz£/i j 7^ 1,3. 

Proof. Let Oi,0 2 ,---,0„ be an open covering of [0,1] such that for each j with 
1 < 3 < i) there exists an angle 0j so that 0(s) € 0j + [— 7r/4, 7t/4] for all s € Oj. 

Since [0, 1] has covering dimension one, taking a refinement of the open cover if 
necessary, we may assume that each point in [0, 1] is contained in at most two of 
the Oj. Moreover, rearranging the Oj if necessary, we may assume that for 
such that \j -j'\> 2, Oj H Of = 0. 

Let {/j}™ =1 be a partition of unity for [0, 1] subordinate to {Oj}" =1 . 
We have that for 1 < j < n, 9(s) ~ 0j £ [— 7r/4, 7r/4] for all s e Oj. Hence, 



fj(s)(9(s) - 0j) G [-7r/4,7r/4] for all s G [0,1]. Let u,io : (-7r/2,7r/2) 
the continuous functions from Lemma 12.11 Let Vj(s) =df v(fj(s)(9(s) 
Wj(s) =df w (fj( s )(8{ s ) — 0j)) f° r s G [0, !]■ Hence, by Lemma [2~T1 



(^■(s),w i (s)) 



517(2) be 
0j)) and 



e i/ 3 ( s )(e(s)-%) o 

e -»/iWC«W-^) 



for all s G [0,1]. 

Note that for 1 < j < n 

e ifj(s)e } 









e -if j (s)6 j 



e if j (s)9 j 





for all s G [0,1]. 

Also, note that ]J" W^ e i/j = e *e( a ) for all s £ [ 0) 1 j < 



Thus, we can take vi 



~-df 



n, 



odd 



diag(e l f j6j ,l), w\ = W3 



1 

1 

Vi = 



«2 =d/ odd u i> w 2 =d/ rij odd w i> w 3 =«# Elf even diag(e lf ' e \l), v A = df 

EI, even v h and «>4 =d/ II, even w i- 

Suppose, in addition, that G C [0, 1] is an open subset such that 9(s) = for 
all s G [0, 1] — G. Let <$ > be given. Let g : [0, 1] — > [0, 00) be a continuous 
function with < g < 1 such that (i.) g(s) = 1 for all s G G and (ii.) g(s) = 
for all s G [0, 1] — N(G,S/2). In the definitions of Vj,Vj,Wj,Wj (1 < j < n) above, 
replace every occurrence of fj with the (pointwise product) gfj (1 < j < n). Then 
v k (s) = Wj(s) = 1, for all s G [0, 1] - N(G, S) and for 1 < k, j < n with j ^1,3. □ 



Lemma 2.4. Let 



[0, 1] — > R (1 < k < m) be continuous maps such that 

01 (s) < 02 (s) < 03 (s) < •■• < 0m(s) 



/or all s G [0, 1] . 

Then we have the following: 



fc=i 
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(1) There exist Vj,Wj £ C/°(M m (C[0, 1])) (1 < j < 16) such that 

16 

diag(e i ^,e i ^,...,e i ^)=l[(v j ,w j ). 

3 = 1 

(Here, H j=x {vj,Wj) = (v 1 ,w 1 )(v 2 ,w 2 )...(v 16 ,w 16 ).) 

(2) Suppose, in addition, that ran(<f>k) C (7r/2,7r/2) for 1 < k < m. 

Then there exist v\, w%, v 2 , w 2 , «3, w 3 , U4, W4 £ [/°(M m (C[0, 1])) such that 

£oj(e*,e*,..,e* 1 '"') = (v lf Wi)(v 2 , w 2 )(v 3 , w 3 )(v 4 , w A ) 

and 

\\vj-1aW, K-Ull < %/2|| u -U|| 1/2 

fori < j < 4, whereA= df M m (C[0,l]) andu= df diag(e i,)>1 .e i</>2 , e^ m ). 

Proof. The proof is a modification of the arguments of J3UJ Lemma 2.7 and Lemma 
2.8, where we additionally use Lemma [2.11 and Lemma [2.31 (Indeed, the proof of 
Part (2) is contained in the proof of [3D] Lemma 2.8.) We provide the argument for 
the convenience of the reader. 

If diag(e lc ^ 1 , e 1 ^ 2 , e J ^ m ) = 1a then we are done. Hence, let us assume that 
^(e^.e* 2 ,...,^^) ^ I4. 

Choose S > small enough so that 5 < 7r/4, \e iS - 1| < ||« — 1|| and |e~ il5 - 1| < 
|| it — 1||. Moreover, \iran{4>j) C (— 7r/2, tt/2) we require ran(<fij) ±5 C (— tt/2, 7t/2). 

Firstly, note that for each s € [0, 1], since X]feli 0fc( s ) = 0, there is a permutation 
a of {1,2,..., m} (tr is dependent on s) such that 

; 

for 1 < i < m. 

Since [0,1] is compact, let {Oj}J =1 be an open covering of [0,1] and for 1 < 
j < n, let Xj £ U(M. m ) be a permutation unitary and let Uj be a permutation of 
{1, 2, m} such that 

x j diag(4> 1 ,4> 2 , ...,(f) m )x* = diag(<f> ffi (i), ^(2), — , <Acrj(m)) 

and 

I 

01 (s) - <S < yj0o-,.(fc)(s) < m (s) + (5 
fe=l 

for 1 < Z < m and for all s £ Oj. 

Let 7 > be given. Since [0, 1] has covering dimension one, taking refinements, 
permuting and contracting the OjS and contracting 7 > if necessary, we may 
assume that if \j ~ j'\ > 2 then N(Oj, 7) H ^(0^,7) = 0. 

Let {fj}"j-i be a partition of unity of [0, 1] subordinate to {Oj}™ =1 . For 1 < j < 
n, let ctj £ M m (C[0, 1]) be the self-adjoint element given by 

a j =df fjdiag(<f>i,<l>2, 4>m) 

and for 1 < k < m, let 

k 

i>j,k =<v /jX)^co- 

Z=l 



DETERMINANT MAP ON C*-ALGEBRAS 



7 



Hence, 

n 

diag(4>i,(/)2, M) = X! a i 
i=i 

and for 1 < j < n, 
(2.1) 

ajj-Oj-x] = diag(ipj t i,-ipj t i,ipj t 3,-ipj t a,...) + diag(0, ip jt2 , -ipj,2, ^j,4, -^,4, •••) 

where the first diagonal ends with zero if m is odd, and the second diagonal ends 
with zero if m is even. 

We consider the two cases (or parts) in the statement of the Lemma. 

Case 1 or Part (2): Suppose that ran(<fik) C (— 7r/2,7r/2) for 1 < k < m. 

By (|2.1[) and by Lemma [2.11 we have that for 1 < j < n and 1 < I < 2, there 
exist unitaries VjjjWjj G M m (C[0, 1]) such that 

x*diag{e^^ , e"^ 1 , e^- 3 , e^'- 3 , ...)ay = (%!,%) 
and for £ = 1,2, 

v jt t(s) = wjj(s) = 1 

for all s € [0, 1] — Oj. Moreover, by Lemma [2~T1 and by our choice of 8, for 1 < j < n 
and/ = 1,2, 

< max{\e l ^-V - | e *(*mW+«) - i|Va . s e 0j } 

< max{\e r ' l ' l[s) {e- lS - 1)| + |e* (s) - 1|, \e l ^ s \e u - 1)| + | e "^( s ) - 1| : s e 

< >/2||u-l|| 1/a . 
Similarly, 

II^M -111 < V2||«-l|| 1/2 . 

Now let vi ]J. odd Vj, u wi =df Uj odd ^ =<V U.j even u jM> w 2 =df 
Uj even v 3 =df Uj odd W J>2, w 3 = df Uj odd Wj, 2 , «4 =df Uj even w j,2, 

w 4 =df Uj even w j\2- 

Then for 1 < I < 4, ||w; -1|| < \/2||u - 1|| 1 ' 2 and ||w;-l|| < V2\\u - 1|| V 2 . Also, 

4 

as required. 

Case 2 or Part (1): General case. 

The proof for this case is the same as that of Case 1, except that we replace 
Lemma l2.1l with Lemma l2.3l and we get sixteen commutators (instead of four). (We 
also do not get a norm estimate for the unitaries that make up the commutators.) 

□ 

Lemma 2.5. Let <pk ■ [0, 1] — > R (1 < k < m) be continuous maps such that 

Ms) < Ms) < Ms) < - < M(s) 
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and 

m 

fe=l 

for all s G [0, 1] . 

Then there exist Xj,yj G Gi°(M m (C[0, 1])) (1 < j < A) such that 

4 

diag(e* t e+',...,e+") = '[[(x j ,y j ) 

3=1 

and 

ll^-Ull, ||%-U|| <2||z-U|| 1 / 2 
/or 1 < j < 4, w/iere .A = df M m (C*[0, 1]) and z = df diag(e^ , e*™). 

Proof. The proof is essentially the same as [30 Lemma 2.7. Alternatively, the proof 
is the same as Lemma l2~4l Part (2), but with Lemma |2~T1 replaced with [30] Lemma 
2.6. □ 

Recall the definitions of "TAP and "INT" from end of the Introduction. 

Lemma 2.6. Let A be a unital separable simple TAI-algebra and let {c n }^ =1 be a 
countable dense subset of the closed unit ball of A. 

Let {Z n }^ =1 be a sequence of C*-subalgebras of A, with T n G INT for all n and 
let {pn}^Li be a sequence of projections in A with Xx n — p n for all n > 1 such that 
for all n > 1, the following hold: 

(1) r(l - p n ) < 1/n for all t G T(A), 

(2) \\p n Ck — Cfep„|| < 1/n for all k < n, and 

(3) PnCkPn "is within 1/n of an element of I n for all k < n. 

Suppose that a G A is an element such that \r(a)\ < e for all r € A. For all n > 1, 
let a n € X n such that \\p m ap m — a rn \\ — > as m — > oo. 

Then there exists N > 1 such that for all n > N, for all t € T(I n ), |r(a„)| < e. 

Proof. Firstly, since the map T(A) — > C : r i— > r(a) is a continuous function on the 
compact set T(A), let < <5 < e be such that 5 = max{|r(a)| : r G T(_4)}. I.e., 
|r(o)| < (5 < e for all r e T(^). 

Suppose, to the contrary, that {ni}^ 1 is a subsequence of the positive integers 
and for all I > 1, r; € T(I ni ) is such that |r;(a n ,)| > e. 

Let ni^i^ni an d SE=i ^ e the (Z^) direct product and (co) direct sum 
respectively. For each k > 1, Tfc induces an element G rdli^i^ni) m the 
following manner: For G IL^i 2 ^!, h({h}™i) =df T k {b k ). 

Since T(L| ;=1 I ni ) is compact, {77}^ must have a converging subnet {t; q }. 
Suppose that lima t/ q = /i G TXn^Zn,). Note that i s contained in the 

kernel of p,. Hence, fi naturally induces a trace in TfTff^., X n} /y] 8 !,^,), which 
we also denote by "/x" . 

Let $ : .4 — > YliZi^m/Yl^ i=i^m be the unital ^-embedding that is defined as 
follows: 

Let d £ Abe given. Then 

m = df mzi] 
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where di G X ni for all I > 1, \\p ni dp ni — di\\ — > as I — > oo, and [{d;}^] is the 

equivalence class of {d/}^ in ni=i^7ii/X)*z=i^nr (It is clear that $ is a well- 
defined unital *-homomorphism; in particular, $(d) is independent of the choice of 
the sequence {di} with the above properties.) 

Then y. o $ G T(,4). Then |/i o $( a )| - |/i([{ai}£i])| = 11% |fj a ({aj}^)! = 
lim a (r^a/^)! > e. This contradicts our assumption that |r(a)| < 8 < e for all 
T G T(l). " □ 

The next lemma is a straightforward computation. 

Lemma 2.7. Let n G Z + U {oo}. Lei .4 6e a unital C*-algebra, let V be a Banach 
space and let r : A —> V be a tracial continuous linear map. Let £ : [to,ii] — > 
GL°(v4) (or U®(A)) be a piecewise continuously differ entiable curve with £(to) = 1. 
For every e > 0, there exists 5 > such that the following hold: 
If x £ GL® t (A) (resp. U®(A)) is such that \\x — £(fi)|| < S, then there exists 
a piecewise continuously differ entiable curve i] : [to,ti] — > GL° n (A) (resp. U®(A)) 
with rj(to) = 1 and rj(ti) — x such that 

\\A T (0-A T (r,)\\<e 



For a unital C*-algebra A, recall that E u is the Banach space quotient E u =df 
A/ [A, A]. Viewing E u as a metric group (with metric induced by the norm), 
T(K Q (A)) C E u is a (not necessarily closed) topological subgroup of E u . The 
metric on E u induces a pseudometric d on the quotient group E u /T(Kq(A)). I.e., 
for all a, b G I? u , 

<%], M) =d/ m/{||a - b + c\\ : c G T(X (-4))}, 

where ||.|| is the norm on and [o], [6] are the equivalence classes of a, & (respec- 
tively) in E U /T(K (A)). 

Lemma 2.8. Let A be a unital C*-algebra and let d be the pseudometric on 
E u /T(Kq(A)) induced by the metric (or norm) on E u . Let y G GL ( ^ >0 (A) (resp. 
U%o(A) ) be such that A T (y) = 0. 

Then for every e > 0, there exists S > such that if x £ GL^ X1 (A) (resp. U^ C (A) ) 
is such that \\x — y\\ < S then 

d(A T (»),0) <e 



Proof. Since At(j/) = 0, there exists a piecewise continuously differentiable curve 
£ : [0, 1] -> Gi2o(4) ([£,(,4) resp.) such that £(0) = 1, £(1) = y and A r (0 = 0. 
Now apply Lemma \2. 71 □ 

Next, we consider some results about the closure of the commutator subgroup. 
For a topological group G, recall that DG is the commutator subgroup of G and 
~DG is its closure. For a unital C*-algebra A, DU(A) and DU°(A) will be the 
closures in the norm topology. 

Proposition 2.9. Let A be a unital simple separable TAI-algebra. 
Then 

DU{A) = DU°{A) 
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Proof. It suffices to prove the following: Let x,y € U(A). Then (x,y) £ DU°(A). 

Let e > be given. Contracting e if necessary, we may assume that e < 1/10. 

Since A is TAI, let p £ A be a projection with r(l — p) < 1/10 for all t £ A, let 
I e INT be a C*-subalgebra of „4 with l x = p, let m G (1 - p).A(l - p) and « 2 el 
be unitaries (in their respective C*-subalgebras) such that \\y — {u\ © 7/2 ) | < e/10, 
and 

(2.2) - x{u x © u 2 )x*(u* 1 © u^H < e/10. 

Since! € INT, there exist k, I > and positive integers ni, n%, rife, mi,rri2, ■■■,mi > 
1 such that I = 0^ =1 M„ s (C[0, 1]) © 0^ =1 M mj . . 

For simplicity, let us assume that k > 1 and ^ = 0. The proofs for the other 
cases are similar (and sometimes easier). 

By 2!) Lemma 1.9, for 1 < i < k and 1 < j < m, let a id : [0,1] ^ T be 
a continuous map, and let {pi,j}i<i<k, i<i<Hi be a collection of nonzero pairwise 
orthogonal projections in I such that v! 2 —df J2i<i<k i<j<ni a i,jPi,j ^ T- and 

|K-« 2 || <e/10. 

Hence, 

(2.3) \\xyx*y* - x{u x © u 2 )x*{u* x © u'. 2 *)\\ < 3e/10. 
Since fc > 1, pi,i is a nonzero projection. 

Since A is TAI, there exists a unitary u> € p\.\Ap\.\ such that w =d/ if + 
(1.4 — pi,i) is homotopy equivalent to x in U(A). (Sketch of construction of w: 
Since A is TAI and since C(T) (the universal C*-algebra generated by a unitary) 
is semiprojective, we can find projection r £ A with r -< pi,i, a C*-subalgebra 
SC^ with B £ INT and l e = 1 - r, and unitaries w" £ U (rAr) and w'" £ B 
with 1 1 a; — (w" © < 1/10. Then x is homotopy equivalent to w" © «/" which 

in turn is homotopy equivalent to w" © (1 — r). Since r -< p\^\ and since A has 
cancellation of projections ([50] Corollary 4.6), we can conjugate w" © (1 — r) by a 
unitary to get w + (1 — pi,i). But since »4 has stable rank one ([20J Theorem 4.5), 
A is iifi-injective. Hence, w" © (1 — r) (and hence x) is homotopy equivalent to 
w + (1 - pi,i).) 

Note that u\ © m 2 = u>*(ui © m' 2 )w. 

Hence, 

ce(ui © u 2 )x*(u{ © U 2 *) 
= arS»*(lti © u' 2 )wx* (u\ © u 2 *) 
= (xw*,ui © w 2 ) 

But z = df xw* £ U°(A). From this and ([273]) . we have that z e E/°(.A) and 

(2.4) || Car, j/) — {z,Ui®u' 2 )\\ < 3e/10 

Again, since „4 is TAI, let q £ A be a projection with r(l — (7) < e/10 for 
all t e T(„4), let J" £ INT be a C*-subalgebra of A with 1 j- = q, and let «i £ 
(1 — 9)^4(1 — q), v 2 £ J be unitaries (in their respective C*-algebras) such that 
||z - v\ © U2II < e/10. (note that this implies that ui © v 2 £ U°(A)) and 

\\(z,ui®u' 2 ) - (v 1 ®v 2 ,ui © i4)|| < e/10. 
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By applying an argument similar to the one for constructing z, we can find 
z' e U°(A) such that (vi ® v 2 , u\ © u' 2 ) = (vi v 2 ,z'). From the above and (f2T4|) . 

||(a:,y)-(«iew2,/)|| < 4e/10. 

Hence, dist((x,y), DU°(A)) < 4e/10. Since e > was arbitrary, we have that 
(ar,j/) e £>£/°(.A) as required. □ 

Lemma 2.10. Lef A be a unital separable simple TAI-algebra. For every e > 0, 
there exists 5 > such that for every self-adjoint element a € A with \t(o)\ < 5 for 
all t € T(A), 

dist(e l27ra ,DU°(A)) = df mf{||e l27rQ - u|| : u € DU°(A)} < e. 

Proof. This follows from |31) which gives a topological group isomorphism: 

$ : U°{A)/DU%A) Aff(T{A))/K^A). 

The map $ is the map induced by the de la Harpe-Skandalis determinant (with 
universal trace). Note that for a self-adjoint a E A, $([e i27ra ]) = a + T(K Q (A)). □ 

We will need a uniqueness result of Lin's. Towards this, we fix some notation. 
For a unital C*-algebra A and for a unitary u G U(A), let u denote the image of u 
in U{A)/DU{A). For u, v e U(A)/DU(A), let 

dist(u,v) —df inf{\\x — y\\ : x,y e t/(^4.) and x — u,y = v}. 

It follows that 

dist{u,v) = inf{\\uv* - x\\ : x £ DU{A)} = dist{uv* , DU{A)). 

If A, B are unital C*-algebras and (j> : A — > B is a unital *-homomorphism, then cf> 
brings U(A) to U(B), and brings DU(A) to DU{B). Hence, </> induces a topological 
group homomorphism (j>^ : U{A)/DU{A) — > U(B)/ DU{B). Also, induces a map 
[0] : i^(-4) ~^ K.(B)- (Here, K_ is total K-theory. See, for example, jT5j Definition 
5.8.13.) Finally, if X is a compact metric space and r G T(C(X)) (tracial state) 
then, by the Riesz Representation Theorem, r induces a Borel probability measure 
/i r on X. 

The following is a result of Lin in [23 . (Also, a generalized version, with the 
space X being an arbitrary compact metric space, can be found in |24) ) . 

Theorem 2.11. Let X be a compact metric space such that either X is a finite 
CW-complex with dimension no more than one or X = [0, l] n (n-cube) or X = T n 
(n-torus). Let e > 0, let J- a C(X) be a finite subset and let F : (0, 1) — » (0, 1) be 
a nondecreasing map. Then there exist rj > 0, 6 > 0, a finite subset Q C C(X), a 
finite subset V C K_(C(X)) and a finite subset U C U(M 00 (C(X))) satisfying the 
following: 

Suppose that A is a unital separable simple TAFalgebra and 0,-0 : C{X) — > A 
are two unital *-homomorphisms such that 

Aw(O s ) > F ( s ) 

for all s>r), for all open balls O s in X with radius s and all r G T {A); 

\r o <p(g) - to -0(g)| < 6 
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for all g £ Q and all r G T{A); and 

[<j)]\ v = [ip]\ v and dist^ '■(z),i> t (tj) < 8 

for all z eW. 

Then there exists a unitary u £ A such that 

U{f) - utf(/K|| < e 

for all f £ T. 

Proof. This follows from [23] Theorem 10.8. □ 

Lemma 2.12. Let A be a unital C*-algebra. Let x G GL (A) have polar decom- 
position x = u\x\. (So u is a unitary and \x\ is a positive invertible.) 
Suppose that At{x) = 0. 

Then A T {u) = A T (\x\) = 0. Moreover, r{Log{\x\)) = for all r G T{A). 
Proof. This follows from the (short) argument of [14 Proposition 2d). □ 

Let A, B be C*-algebras and let <j> : A — > B be a *-homomorphism. Then for 
every n > 1, the map M. n (A) — > M. n (B) : [ffl^j] i-> [^(ai,^)] is a *-homomorphism, 
which will also denote by "</>" . 

Lemma 2.13. Lef A be a unital separable simple TAL-algebra. 

(1) Lf u £ U (A) is a unitary such that At{u) — 0, then for every e > 0, there 
exist unitaries Xj,yj G U (A), 1 < j < 18, such that 

18 

||w- JJ(Xj,j/j-)II < e - 

3=1 

(Here, H j=1 {xj,yj) = (x 1 ,y 1 ){x 2 ,y2)---{xi8,yis).) 

(2) Lf x E GL°(A) is an invertible such that At(x) — 0, then for every e > 0, 
there exist invertibles Xj,yj G GL°(A), 1 <j < 24, such that 

24 

\\ x - n^'^n k e - 

3 = 1 

Proof. We prove Part (1). The proof of Part (2) is similar. 
Let XCTbe the compact subset given by 

X= df {t£T: \t-l\ <2||u-l||}. 

(Note that 1 G X, and X is either T or homeomorphic to [0, 1].) 

Let e > be given. Contracting e if necessary, we may assume that < e < 1/10 
and that e > is small enough so that for every unitary v £ A, if ||u — u||<e then 
sp{v) C X. 

Let Si > be such that for all self-adjoint elements c, d £ A if ||c — c'\\ < Si 
then \\e l27TC - e l27TC '\\ < e/10. We may assume that Si < e/10. Plug Si/10 (for e) 
into Lemma [2~8l to get 82 > 0. We may assume that 82 < e/10. 

By [55] Theorem 3.3, there exists a self-adjoint element a £ A such that 

(2.5) \\u-e t2 ™\\ < 8 2 . 
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By our choice of 82, we must have that 

d(A T (e l2 ™),0) < St/IQ 

where d is the pseudometric on Aff(T(A))/Ko(A) induced by the (uniform) metric 
on Aff(T(A)). 

Since A T (e l27r£l ) = [a] (where [a] is the equivalence class of a in Aff(T(A))/K (A)), 
there exist projections q, r G M 00 (A) such that 

(2.6) \T(a)-T(q)+T(r)\ < fc/10 
for all r G T(A). 

Let F : (0, 1) — > (0, 1) be the nondecreasing map given by F(t) =df t/10 for all 
t G (0,1). Let T C C(X) be a finite subset that contains the identity function 
h(t) = df t(t€X). 

Plug X, e/10 (for e), J 7 and F into Theorem [2T1] to get 771 > 0, <5 3 > 0, a 
finite subset Q c C(X), a finite subset "P C K_(C(X)) and a finite subset U C 
?7(M 00 (C(X)) satisfying the conclusions of Theorem 12.111 

Note that X is closed under complex conjugates. Hence, let S =df {1, ti,ti,t 2 , t%, ...,t N ,t N } c 
X be a finite collection of 27V + 1 distinct points and 772 > such that for all s > r\\ 
for all open balls O s in X with radius s, 

(2.7) card(O s n - 772)/(2A + 1) > F(s), 

where card(O s n 5) is the cardinality of O s n 5. 

Let $ : C(X) — > .4 be the unital *-homomorphism given by $(/i) =<# e l2?Ta , 
where ft. € C(X) is the identity map (i.e., h(t) — t for all t G X). Note that by 
our assumption on e and by (I2.5[) . the spectrum of e' i2,m is contained in X; so $ 
is well-defined. Let N ± > 1 be an integer so that U C M^C^X)). Let Mi > 1 
be an integer and let T\ C M.^ 1 (A) be a finite set of self- adjoint elements so that 
for all v G U, there exist self-adjoint elements a Vi \, a v ^, a v ,Mi <= -^1 (repetitions 
allowed) so that $(«) = e^a,,!^™^^^™,,,,^ ( Note that # x ($) = 0.) 

Choose (54 > such that if u%, u%, ...,UMi G y(Mjv x («4)) are unitaries such that 
dist(Uj,DZ7(M Wl (^))) < (54 for 1 < j < M x then distiu^-UM^ DU(M Nl (A))) < 
S3/IO. We may assume that 84 < 83/IO. 

Plug Si/10 (for e) and M^fyt) (for A) into Lemma CDil] to get 8 5 > 0. 

Choose integer N2 > 1 such that I/-/V2 < 772/IO. Also choose N3 > 1 such that 
JV 3 > maa;{||6|| : & G QUFi}. 

Since .A is TAI and by Lemma 12.61 and Remark 11.11 let p G *4 be a projection 
and let X G INT be a C*-subalgebra of .4 with lj = p such that the following hold: 

(a) t(1 a -p)< min{ w{ f* N3) , 10{1 % Na) , 10(1 % 3) } for all r G T(.A). 

(b) Each summand in I has matrix size at least N2(2N + 1). (Equivalently, 
every irreducible represention of I has image with the form M n with n > 
JV a (2JV + l).) 

(c) There exists Bi G I such that ||a — ((1 — p)a(l — p) + ax)\\ < <5i/10 and 

|| e i27ra _ gi27r((l-p)o(l-p)+oi) || < £ ^g 

(d) There exist projections q',r' G M OD (X) such that |r(ai) — t(<z') + r(r')| < 
81/W for all t G T{1). 

(e) Let f/'o : C(X) —> (1 — p)»4(l — p) be the unital *-homomorphism given 
by i/j (h) =<jf (1 ~ p ) e ^^-p)a(i-p)(i - p ) 5 where h G C(X) is the identity 
map (i.e., h(t) = t for all t G X). (Note that by (|2.5|) . by (c) and our 
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assumptions on e, p can be chosen so that the spectrum of e t ' 2 n(. 1 -p)*0--p) 
is contained in X; so the map i/jq is well-defined.) 
Then for all v G U, 

\\ipo(v) — (1 — p) e i27r ( 1_ P) ai '. 1 ( 1 -P)e i27r ( 1 ~ ?> ) ai '' 2 ( 1_ ^....e ,;27r ^ 1_p ' )0, '- Ml ' 1_p ^(l — j?) 1 1 
< S 3 /10. 

(Here, we identify 1a~ P with (1^ — p) ® l MjVi G Mjv x (-4)-) 

We denote the above statements by "(*)". 

Since I 6 INT, let us suppose, to simplify notation, that X has the form 

Z = 0M m .(C[O,l]) 
j'=i 

where N4 > 1. The proof for the other cases are similar. 

We now construct two unital *-homomorphisms 0i, 02 '■ C(X) — > A. 

By (*), we have that for 1 < j < N 4 , rrij > N 2 (2N + 1). For each j, let 
ijjj '■ C(X) — > M m .(C[0, 1]) be the (finite rank) unital *-homomorphism given by 

Mf) _ 

= df diag(f(l), f(h)J(h)J(t 2 ), f(h), f(t N ),f(tF),f(l), f(h), 

f(h), f(t 2 ),f(M), f(t N ),f(M), f(i)J(h)J(h), ) 

for all / G C(X), where the tail of the diagonal either has the form ".../(ij), /(IT))" 
or has the form ".../(«,), /(ij), /(l))". 

Let /i G C*(X) be the identity function, i.e., /i(f) = t for all t E X. 

We define the unital *-homomorphisms 0i,02 '■ C(X) — > A in the following 
manner: 

and 

02 W = d/ (i-j>)e©Vj(fc). 

From (*), (|2.7p and our choices of A^, A/3 and 772, we have the following state- 
ments: 

(2.8) 

(i.) fi T o<p 2 (Os) > F( s ) f° r a ll s > r/i, for all open balls O s in X with radius s 

and for all r € T(\A). 
(ii.) |r o 0i(/) - to 2 (/)| < S 3 /2 for all / G Q and for all t G T(^). 

Next, since X is either T or homeomorphic to [0, 1] and since the image of h 
(under both 0i and 02 ) is contained in Z7° (^4.) , 

(2.9) K(<h)=K(<h)- 

Finally, from (*) (a), we have that |r((l -p)b(l —p))\ < S 5 /10 for all b G T\ and 
for all r G T(M.jy 1 (A)). It follows, from the definition of 65 and Lemma \2. 101 that 
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dist(e l27T(1 '^ b(1 ' p \ DU{M Nl (A))) < 6 A /10 for all b £ Fx- From the definition of 
(54 and the definition of F±, it follows that for all v £ U, 

dist(e l2v{1 - p}a ^ l{1 - p} e i2 ^ (1 - p)a ^ 2{1 - p l.J 2 ^ < S 3 /10. 
From this and (*) (e), we have that for all v £ 14, 



(2.10) dist(f (v)®p,DU(M Nl (A))) < 5 3 /5. 

Also, (1 - p)<f> 2 (M Nl (C(X)))(l -p) C Mjv x (C(1 -p)) . Hence, for all v£U, there 
exists self-adjoint c £ Mjv t (C(l-p)) with ||c|| < 1 such that (l-p)4> 2 (v)(l-p)@p = 
e l2 * c . Note that this and (*) (a) implies that \t(c)\ < S 5 /10 for all r £ T(M Nl (A)). 
From this, the definition of 65 and since ^4 < (S3/IO, we have that for all v £ U, 
dist((l -p)(j> 2 {v){l -p) ®p,DU(M Nl (A))) < 53/IO. From this, the definitions of 
4>i, 4> 2 and (|2.10|) . we have that for all v E U, 

(2.11) dist(4(v),4(v)) <S 3 . 

From (|2.8p . ()2.9j) . ()2. 1 1|) and from Theorem 12. 11[ there exists a unitary w E .4 
such that for all / E J 7 , 

||0i(/)-^ 2 (/KH <e/10. 

Since the identity function h (i.e., /i(t) =^ i for all t £ X) is an element of F, it 
follows that 

|| ((1 -p) e w-pw-p)(i -p) -p) ® < c/10. 

j'=i i=i 



From this and Corollary 12. 2[ there exist unitaries x\,yi,x 2 ,y 2 & A such that 

(2.12) IKxx.yiJ-ai-pJe^-^-rta-pJeQ^-WJHe/lO 
and 

(2.13) ( X2;2/2 ) = (i_p)©0^) 

i=i 

By [29 Lemma 1.9, there exist real-valued continuous functions 6j k ■ [0, 1] — > R 
(1 < j < ./V4, 1 < fc < TTtj ) , and there exist pairwise orthogonal minimal projections 
Pj.k £ M OTi (C[0, 1]) (again 1 < j < N 4 , 1 < k < rrij) with V"' , />,.,, = l Um . (C[o,i]) 
for 1 < j < iV 4 such that (a) 6^,1 < 0,- )2 < ••■ < 0j, mj for 1 < j < N t and (b) 
Y]j—i Sfc=i ®j,kPj,k is approximately unitarily equivalent to a! in X. Note that the 

spectrum of X is Z = M m 7((7[0, 1]) = U^JO, 1]; and so, for all s £ X, the 

spectrum of ai(s) is {#j,fc(s) : 1 < j < -/V4 and 1 < k < rrij} (counting multiplicity; 
and where if s ^ M mj (C[0, 1]) then we define 0j,k{s) = 0, for all j, k). 

Hence, replacing J^j=i Y^k=i ®j,kPj,k by a unitary equivalent (in I) self-adjoint 
element if necessary, we may assume that 

(2-14) ||oi - £ £ fyfcPi.kll < ^i/ 10 - 

j=i fc=i 
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(Note that a unitary equivalence is the same as simultaneously replacing the pro- 
jections pj,k by unitarily equivalent projections, with the same unitary for all the 
projections. In particular, the eigenvalue functions 6j t k stay the same.) 
Moreover, by (*) (d) and our assumptions on 9j t k, Pj,k, for all r G T(I), 



(2.15) 



Let g : 2 = \Jj=i M^- (C[0, 1 
follows: 
For s € 



JV 4 mj 
3=1 k=l 

\N 4 



} I be the continuous function defined as 

3 (C[0,1])-[0,1], 

rrij 

g(s) = df (l/mj^e^is) - (l/m j )Tr(q'(s)) + (l/mj)Tr(r'(s)). 



k=l 



where Tr is the (nonnormalized) trace on M^. (Note that q' , r' must (by definition 
of (I)) sit in some big matrix algebra over I.) 

Hence, gl% G X is a self-adjoint element, and by (|2.15l) . 



(2.16) 
and 

(2.17) 



Ni rrij 



T ( E E hW,* ] - rtf) + r(r') - r(fflz) = 



for all r G T(J). 



For 1 < j < 7V 4 , fix Tj € T(M mj .(C7[0, 1])). Let a 2 = d/ £^ El'=i 0j,kPj,k ~ ffli 



and let a-i — ^2j=i fl 2ji where a,2j G M mj (C[0,1]) for 1 <j< AT 4 . 



Let g' = E_y=i 9j an d r ' = Ej=i r j where for 1 < j < N4, qj,Tj G ® 
M m .(C[0, 1]) are projections. Suppose that, for 1 < j < N4, qj,rj are the sums 
of Lj and Lj minimal projections in Moo <8> M mj (C[0, 1]) respectively. To simplify 
notation, let us assume that L'j > Lj for 1 < j < N4,. Then for 1 < j < N4, 

^(a^+m-L^p^) = e i2ira 2 ,/} and hencej 



(2.18) 



i27r(a 2 + J2'j'=i( L j- L j)Pj,rr lj ) _ i2ira 2 



Let a 3 =d/ 02 + Sj=i(^j- _ Lj)p^ mj G T. By (I2.17[) . we have that r(a 3 ) = for 
all t 6 T(X). Hence, by Lemma [2.4I Part (1) and by [29] Lemma 1.9, there exist 
unitaries £3, 2/3, 0:4, 2/4, X\%,y\% in .4 such that 



(2.19) 



||e i2 ™ 3 - (ar 3 ,I/3)(a:4,l/4)...(a;i8 J yi8)|| < e/10. 



(Actually, for 3 < j < 18, pxjp,pyjp G X, = ^^©(1— p) and = py.,p©(l — p).) 
From the definition of 81 and by (|2~T4|) . (|2~16l) . (pT8]) and (|2~T9l) . 



is 



3 i27rai 



11 (^j . yi ) I < e/5- 



i=3 
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From this, (*) statement (c), (f2~l"2]) and ([2~1"3|) . we have that 

18 

\\ u - Y[(xj,yj)\\ < e- 

3=1 

We now prove Part (2). Say that x = u\x\ is the polar decomposition of x. Then 
by Lemma |2~1"21 A T (u) = A T (|x|) = 0. 

By Part (1), let Xj,Uj G U°(A) be unitaries such that 

18 

(2.20) ||u-n(*i,W)ll<e/2. 

3=1 

Hence, to complete the proof, it suffices to prove the following claim: 
Claim: There exist invertibles Xj,yj G GL°(A), 19 < j < 24, such that 

24 

IN - Ilte'tfi)!! <£ / 2 - 

3=19 

Sketch of proof of the Claim: The proof of the Claim is very similar to the proof 
of Part (1) of this lemma. The main differences are the following: 

i. Let s —df min(sp(|x|)Usp(|a;| _1 )) > and s x max(sp(|x|)Usp(|a;| _1 )). 
Let X [s Q /2, 2sx]. Note that X C (0, oo), 1 G X and for allt > 0, t G X 
if and only if 1/t G X. 

ii. Since |x| > 0, |x| automatically has the form \x\ = e a where a G -4 sa . 

hi. In the proof of Part (1), replace Corollary 12.21 and Lemma [2.41 with [30] 

Lemma 2.6 and (this paper) Lemma 12.51 respectively, 
iv. In the proof of Part (1), replace every occurrence of At(|x|) = and 

every occurrence of equation (|2.6j) with the condition T(Log(\x\) = for all 

t G T(A). (See Lemma^H) 
End of sketch of proof of the Claim. □ 

Lemma 2.14. Let A be a unital separable simple TAI-algebra. 
(1) Suppose that u G U (A) is a unitary such that At(u) = 0. 

Then for every e > 0, there exist unitaries Xj,yj G U°(A), with 1 <j < 
20, and there exist a self-adjoint element a G A such that 




\\a\\ < e and r(a) = 

for all t G T(A). 
(2) Suppose that x G GL°{A) is an invertible such that A<r(x) = 0. 

Then for every e > 0, there exist invertibles Xj,yj G GL (A), with 
1 < j < 26, and there exist an element d G A such that 




\\d\\ < e andr(d) =0 

for all t G T{A). 
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Proof. We firstly prove Part (1). The proof of Part (2) is similar. 

Choose an integer N > 10 such that if ci, 02,03 £ A are self-adjoint elements 
such that ||c,-|| < 1/JV for 1 < j < 3 then ||e i27TCl e i2 ^ e l27rC3 - 1|| < 1 and 
(l/27r)||io 5 (e i27rCl e l27rC2 e l27rC3 )|| < e. 

Choose a <5 > 0, with 6 < 1, such that for any unitary v € .4, if \\v — 1| < <5 then 

(l/27r)||£o0(t;)||<l/(2AO. 

By Lemma I2JJ3I Part (1), there exist unitaries Xj,Uj £ U°(A) with 1 < j < 18 
and there exists a unitary u> € U (A.) such that 

(2.21) u = (x 1 ,y 1 )(x 2 ,y2)—[xi8,yis)w 
and ||w - 1| < S. 

By our choice of 5, there exists a self-adjoint element b £ A with ||6|| < 1/(2N) 
such that to = e l27rfc . Since At(w) — 0, there exist projections po,qo £ Moo(.A) 
such that 

T(b) - T (po) + T(q ) = 

for all t £ T(A). 

Since A is simple TAI and since ||6|| < 1/(2N), we can replace po,<7o by projec- 
tions p,q £ A with r(p),r(g) < l/(2iV) and 

t(6) - r(p) + t-(?) = 

for all t£T(4 

Since r(p),T(q) < 1/(2N) for all t e r(„4) and since A has strict comparison, 
there exist pairwise orthogonal projections pi,p2, ■■■,Pn, Qi, Q2i •••) 9.N £ A such that 
Pj ~ p and ~ 9 for 1 < j < JV. Hence, 

(2.22) r(6)-r ^(l/i\05>j +r ((!/#) f>j =0 

for all r <= T(.A). 

We have that 
(2.23) 

e i27r6 = e i27r(l/JV) Ef =1 e -i27r(l/W) Ef =1 OS ^-^(l/JV) Ef = i Pi e i2ir(l/A0 £f =1 9j giZTrb 

By [30] Lemma 2.1, there exist unitaries x\g, j/19, 2:20, 2/20 G ?7 (*4) such that 

(2.24) e i2^/N)j:^ lPj={x ^ yig) 

and 

(2.25) e- fihr (VJV)Er=x* = ( a . 20)Ift!0 ). 
Also, by our choice of N, there exists a self-adjoint element a £ A such that 

(2.26) e i2rra = e _i ^ (1/ ^ ) ££i p V 2 * (1/ ^^ l5, e* 2,r6 . 
Moreover, ||a|| < e; by [14 Lemma 3 (b), (|2~2l)| and (|2~2"2"j) . 

r(«)=r(6)-r ^(l//V)fj Pj j + r ((1/JV) f> j =0 

for all t € T(.A). Finally, by (I23T1) . (l2~23l) . (j2T24l) . (|2~25|) and (12^261) . 

u = (^i,yi)(a;2,?;2)(a:3,2;3)---(2;20,2;2o)e l27ra . 
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The proof of Part (2) is very similar to the proof of Part (1). The main difference 
is that we replace Lemma \2. 131 Part (1) with Lemma \2. 131 Part (2). 

□ 

Lemma 2.15. Let A be a united separable simple TAI-algebra. 

(1) Suppose thatu G U°(A) is a unitary with \\u— 1|| < V2/100 and T(Log(u)) = 
for all t G T(A). 

Then for every e > 0, there exist unitaries Xj, yj, z G U°(A), 1 < j < 6, 
such that 

\\z- 1|| < e, r{Log{z)) = 
for all t G T(A), and 

|K- -1||, || % -1||<2V2|| M -1|| 1 / 2 

/or 1 < j < 6. 

(2) Suppose that x G GL°(A) is an invertible with \\x — 1|| < 1/1000 and 
T{Log(x)) = for all r G T(.A). 

TTien /or every e > 0, £/iere exisi invertibles Xj, yj, z G GL°(^4) 7 1 < j < 
12, st/c/i that 

\\z-l\\ <e, r(Log(z)) =0 
/or a/Z r G T(^l) 7 arte? 

|K- -1||, || % - 1|| < 24\\x- lH 1 / 2 

/or 1 < j < 12. 

Proof. The argument of Part (1) is a variation on the argument of Lemma 12.131 
Part (1), where we need to control the norm distance to the unit of the operators 
that make up the commutators. We go through the proof for the convenience of 
the reader. 

Let ICTbe the compact subset given by 

X=# {t€T:|t-l|<2||u-l||}. 

(Note that 1 G X, and X is either T or homeomorphic to [0, 1].) 

Let e > be given. Contracting e if necessary, we may assume that < e < 
mm{l/100, ||u— 1||} and that e > is small enough so that for every unitary v G A, 
if ||u — v\\ < e then sp(v) C X. 

Since ||u - 1|| < y/2/10, a = df (l/(i2n))Log(u) G A sa and 

(2.27) u = e l27Ta . 

Hence, r(a) = for all r G T(A). Also, sp(a) C (— k/2, tt/2). 

Let <5i > be such that for all self-adjoint elements c,c'gA if ||c— c'|| < Si then 
\\e i2lxc - e i2lxc ' \\ < e/10. We may assume that Si < e/10 and that for all < S[ < Si, 
(S[ + sp(a)) U (-S[ + sp{a)) C (-tt/2, tt/2). 
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Let F : (0, 1) — ► (0, 1) be the nondecreasing map given by F(t) —df t/10 for all 
t G (0,1). Let T C C(X) be a finite subset that contains the identity function 
h{t) = df t{teX). 

Plug X, e/10 (for e), T and F into Theorem [27TT1 to get r)i > 0, S 3 > 0, a 
finite subset Q C C(X), a finite subset V C i^(C(X)) and a finite subset W C 
U{M.qo(C(X)) satisfying the conclusions of Theorem 12. Ill 

Note that X is closed under complex conjugates. Hence, let S —df {1, ti, ti, £2, ^2, ^./v, ijv} C 
X be a finite collection of 2N + 1 distinct points and 772 > such that for all s > rji 
for all open balls O s in X with radius s, 

(2.28) card(O s n 5)(1 - m)/{ZN + 1) > F(s), 

where card(O s n S 1 ) is the cardinality of O s n 5. 

Let $ : C(A") — ¥ A be the unital *-homomorphism given by $(/i) =df e l27Ta = u, 
where h G C(X) is the identity map (i.e., = t for all i 6 X). Note that 
the spectrum of u = e l2lxa is contained in X; so $ is well-defined. Let N\ > 
1 be an integer so that U C M Nl (C(X)). Let M\ > 1 be an integer and let 
T\ C Matj^) be a finite set of self-adjoint elements so that for all v E U, there 
exist self-adjoint elements a„,i> a>v,2, a-v,Mi G -^"l (repetitions allowed) so that 
$(«) = ^a v , le i2™ v , 2 ^ e i2ira v ! Ul . (Note that ifi($) = 0.) 

Choose <5 4 > such that if U\,U2, ...,wmi G J7(MjVi(^l)) are unitaries such that 
dist{v,j, DU{M Nl (A))) < 8 4 for 1 < j < Mi then distim^-UM^ DU(M Nl (A))) < 
Ss/10. We may assume that 64 < S3/IO. 

Plug di/10 (for e) and M Nl (A) (for .4) into Lemma ElO] to get 5 5 > 0. 

Choose integer N2 > 1 such that I/-/V2 < 772/IO. Also choose N3 > 1 such that 
iV 3 > roax{||6|| : b G ?UJi}. 

Since .4 is TAI and by Lemma 12.61 and Remark 11.11 let p G A be a projection 
and let 1 G INT be a C*-subalgebra of A with lj = p such that the following hold: 

(a) r(U - p) < min{ 1Q{ ** N3) , 10( i%-,) , io(i% 3 ) } for a11 r G T (- 4 )- 

(b) Each summand in I has matrix size at least N2(2N + 1). (Equivalently, 
every irreducible represention of I has image with the form M n with n > 
JV a (2JV + l).) 

(c) There exists a\ G X such that ||a — ((1 — p)a(l — p) + ai)\\ < <5i/10 and 

||e i27ra - e i27r((l-p)a(l-p)+Ox)|| < £ / 10 _ Note that for Q < 5[ < Si, sp(o X ) U 

(*i/10 + sp(ai)) U (-«i/10 + sp(ai)) C (-tt/2, tt/2). 

(d) |r(ai)| < 5i/10 for all r G T(J). 

(e) Let ^0 : C'(X) — > (1 — p)A(l — p) be the unital *-homomorphism given 
by ^oih) = df (l-p)e i2 ^ 1 -P^ a( - 1 -^(l-p), where h G C(X) is the identity 
map (i.e., h(t) = t for all t G A). (Note that by ((2~27| . by (c) and our 
assumptions on e, p can be chosen so that the spectrum of g^Ci-pM 1 — p) 
is contained in A"; so the map ipo is well-defined.) 

Then for all v G W, 

||-0o(") — (1 — p)e'' 27r ^ 1 ~ ?, ^ ai '' 1 ^ 1 ~ p )e 42Tr ^ 1 ~^ ai '' 2 ' 1 ~^....e i27r ^ 1_p ^ a, '- Ml — p)|| 

< <f 3 /io. 

(Here, we identify 1a~ P with (1.4 — p) <g> l MjVl G (^4).) 
We denote the above statements by "(*)". 
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Since X £ INT, let us suppose, to simplify notation, that I has the form 

Z = 0M mj (C[O,l]) 

3=1 

where N4, > 1. The proof for the other cases are similar. 

We now construct two unital *-homomorphisms <j>i, 4>2 ■ C(X) — > A. 

By (*), we have that for 1 < j < N 4 , m > N 2 (2N + 1). For each j, let 
ipj : C(X) — > M m . (C[0, 1]) be the (finite rank) unital *-homomorphism given by 

Mf) ^ _ 

= df diag(f(l), /(ti), /(?!), /(t 2 ), /(fc), f(t N )J(hP)J(l), f(h), 

f(h), f(t 2 )J(h), f(t N )J(t^), f(l)J(h),f(h), ) 

for all / £ C(X), where the tail of the diagonal either has the form ".../(£;), f(ti))" 
or has the form ".../(«,), f(W), /(l))". 

Let h £ C(X) be the identity function, i.e., hit) — t for all t £ X. 

We define the unital *-homomorphisms <fii,(f>2 '■ C{X) — > A in the following 
manner: 

jv 4 

fa(h) =df Mh)®^ip 3 {h) 
i=i 

and 

Mh) = d/ (i-p)e0ViW- 

i=i 

From (*), (|2.28|) and our choices of N 2l N3 and r/2, we have the following state- 
ments: 

(2.29) 

(i.) /^ TO 2 (O S ) > F(s) for all s > r/i, for all open balls O s in X with radius s 

and for all r € T(U). 
(ii.) |r o^(/)-ro 2 (/)| < 8 3 /2 for all / G Q and for all t G T(A). 

Next, since X is either T or homeomorphic to [0, 1] and since the image of h 
(under both (j>i and ^2) is contained in U°(A) 7 

(2.30) K(<h) = K{<h)- 

Finally, from (*) (a), we have that |t((1 — p)b(l — p))\ < <5s/10 for all b £ T\ and 
for all t G T(Mjv 1 (^4)). It follows, from the definition of 65 and Lemma \2. 101 that 
dist(e l27T(1 -P^ (1 ^P\ DU(M Nl (A))) < <5 4 /10 for all b £ T x . From the definition of 
64 and the definition of T\, it follows that for all v £ U, 

dist{e l2 * {1 - p)a v- l{1 ~ p} e i2 *( 1 - p)a *- 2 ( 1 - p \.x a ^ (A))) < S 3 /10. 

From this and (*) (e), we have that for all v G U, 

(2.31) dist(Mv)®P,DU(M Nl (A))) < S 3 /5. 

Also, (l-p)(t>2(M Nl (C(X)))(l-p) C M Nl (£(l~p)) . Hence, for all v £ U, there 
exists self-adjoint c G M/^ (C(l-p)) with ||c|| < 1 such that (l-p)4> 2 (v)(l-p)®p = 
e l2 * c . Note that this and (*) (a) implies that \t{c)\ < 5 5 /10 for all r G T(M Nl (A)). 
From this, the definition of ^5 and since 84 < J3/IO, we have that for all v £ U, 
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dist((l -p)4> 2 (v)(l - p) © p, DU(M Nl (A))) < S 3 /10. From this, the definitions of 
4>i, 4>2 and (|2.10l) . we have that for all v G li, 

(2.32) dist((f>\(v),(f>l(v)) <S 3 . 

From (f2~29]) , (j2~30l) . (|2~32l) and from Theorem [2~TT1 there exists a unitary w G A 
such that for all / G J 7 , 

||<M/)-W> 2 (/KII <e/10. 

Since the identity function ft, (i.e., /i(i) =^ i for all i G X) is an element of J 7 , it 
follows that 

N 4 N 4 

|| ((i - p) e *Mi-p)»(i-p) (i-j,)e0 ^- W) - «>((i - p) e II < e/io. 

From this and Corollary 12.21 there exist unitaries x\, yi, x%, y 2 G A such that 

(2.33) || (a;i)m )_((i_p) e iMi- P )a(i-P) ( i_ p ) e 0^.(^)11 <e/ i 

j=i 

and 

w 4 

(2.34) (ar 2 ,»2) = (l-l»)e©Vi(/i) 

j=i 

Moreover, since |t - 1| < 2||u - 1|| < \/2 for all t G X, it follows, by Corollary l2~2l 
that ||acj - 1||,||% - 1|| < V2\\u- l|| x /2 f or j = i } 2. 

Finally, by inspection (and the definition of X), we see that there exist bi,b 2 G 
Aa with = e l2 ^, II&jH < 1, r(6j) = for all r G T(A), and ||e l27r ^ - 1|| < 

2\\u- 1|| < V2/50, for j = 1,2. 

By [29 Lemma 1.9, there exist real-valued continuous functions 6jk ■ [0, 1] — > K 
(1 < j < 1 < k < rrij), and there exist pairwise orthogonal minimal projections 
Pj.k G M mj (C[0, 1]) (again 1 < j < AT 4 , 1 < k < rrij) with Y/k=iPj,k = 1-M mj (C[o,i]) 
for 1 < j < N 4 such that (a) 6 jtl < 6 ji2 < ■■■ < Qj. m , for 1 < 3 < N 4 and (b) 
Sjii TTk=i ®j-kPj,k is approximately unitarily equivalent to a\ in I. Note that the 

spectrum of 1 is X = \f^ x M m ~(C[0, 1]) = *]; and so > for a11 s € ^ thc 

spectrum of ai(s) is {#j,fc(s) : 1 < j < ./V4 and 1 < fc < mj} (counting multiplicity; 
and where if s </ M nlj (C[0, 1]) then we define 3 ,k{s) = 0, for all j, k). 

Hence, replacing J^fi Sl'=i @j,kPj,k by a unitary equivalent (in I) self-adjoint 
element if necessary, we may assume that 

N 4 m j 

(2.35) ||ai - 9 J,kPj,k\\ < Si/10. 

3 = 1 fc=l 

(Note that a unitary equivalence is the same as simultaneously replacing the pro- 
jections pj^k by unitarily equivalent projections, with the same unitary for all the 
projections. In particular, the eigenvalue functions 6 3 \k stay the same.) 
Moreover, by (*) (d) and our assumptions on 0j t k, Pj,k, for all r G T(l), 



(2.36) 



JV 4 rrij 

,3=1 k=i 



< S 1 /10. 
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Let g : X = |_L=i M mj . (C[0, 1]) — > R be the continuous function defined as 

follows: 

For s € MU7(a[0, 1]) ^ [0,1], 

fe=l 

Hence, gLj € I is a self-adjoint element, and by f|2 . 36[) . 
(2.37) || fl lx|| < Sx/10 

and 

(jv 4 \ 
EEte fc -^(.9lx)=0 
J=l fc=l / 

for all t eT(X), 

Let a 2 = df Ef=i ESl hkPj,k-glx. By (*) (c) and ([133, sp(a 2 ) C (-tt/2,^/2). 
Also, by ([238)1 , we have that r(a 2 ) = for all r G T(X). 

Hence, by Lemma 12.41 Part (2) (and by conjugating with an appropriate per- 
mutation unitary if necessary) there exist unitaries Xs, ys, 24, 7/4, x§, z/5, xe, 1/6 hi A 
such that 

(2-39) e* 2 ™ 2 = (x 3 ,y 3 )(x4, yi )(x 5 ,y 5 )(x 6 ,ye) 

and for 3 < j < 6, ||x,- - 1|| < v / 2||e i27ra2 - 1|| 1/2 . Note that by the definition of 
81 and our assumptions on e, || e l27ra2 - 1|| < || e 427ra2 - e l27rai || + \\ e i27rai - 1|| < 
e/10+ ||e i27r ^ 1_p ' a ( 1_p ^ +ai ' — 1|| < (1/10) || u— 1|| + ||e i2,r (( 1_ p) a ( 1_ p))+ a i) — e ,27ra || + 
||e l2,ra - 1|| < (l/10)||u-l|| +e/10+ ||u- 1|| < 2||w- 1||. 

Hence, \\ e t2 ™ 2 - 1|| < %/2/50 and \\xj - 1|| < 2||ti — 1|| 1/2 - Similarly, \\yj - 1|| < 
2||tt- 111 1 / 2 for 3 < j < 6. 

From the definitions of a 2 and Si, 

From this, (ET2T)) . (*) statement (c), ([2331 and (ETM)) . we have that 

6 

and ||xj - 1||, ||yj - 1|| < 2y/2\\u- 1|| 1/2 for 1 < j < 6. 

Hence, u = ( Y[® =1 (xj,yjfj z where z <E J7°(.4) and ||z-l|| < e (which is < 1/100 

by our hypotheses on e). Hence, e l27ra = e 427r6l e l27rb2 e 427ra2 z. But (1 - ||e 427rfcl - 
1||)(1 - ||e* 2 ^ 2 - 1||)(1 - ||e l2 ™ 2 - 1||)(1 - ||z - 1||) > (1 - V2/50) 3 99/100 > 1/2. 
Hence, by [H] Lemma 3(b), r(a) = r(6i) + r(6 2 ) + r(a 2 ) + (l/(27ri))r(Log(z)) for 
all r G T(.A). Hence, T(Log(z)) = for all r G T(.A). 
Next, we sketch the proof of Part (2). 

Let x — u\x\ be the polar decomposition of x. Since ||x— 1|| < 1/1000, — 1|| < 
2001/1000000 and ||«- 1|| < 3001/1000000 < V2/100. 

Also, by Lemma [2~12l A T (\x\) = A T (u) = 0, and r(Log(\x\)) = for all r G 
T(A). Hence, by [H] Lemma 3(b), t{Lo 9 {u)) = for all r G T(A). 



24 



P. W. NG 



Hence, by Part (1), there exist unitaries Xj,y'j,v £ U°(A), 1 < j < 6, such that 

||u-l|| < min{e/10, 1/100} 
r(Log(v)) = 

for all t £ T(A), and 

IK -1||, ||^ -1|| <2V2\\u-l\\ 1 / 2 <4V2\\x~l\\ 1 ^ 

for 1 < j < 6. 

Claim: There exist invertibles Xj,yj,z ' £ GL°(A), 7<j< 12, such that 

\\z' - 1|| < min{e/10, 1/100}, T(Log(z')) = 
for all r £ T(A), and 

IK -1||, ||y J -l||<8||| a :|-l|| 1 /a 

for 7 < j < 12. 

Sketch of proof of Claim. 
The proof is similar to the proof of Part (1) (also similar to the proof of Lemma 
I2.13[) . Here are the main differences: 

i. Let so =df min(sp(\x\) U sp(|a;| _1 )) and si =df max(sp(\x\) U sp(|a;| )). 
Then take X = df [s /2,2si]. 

ii. In the proof of Part (1), Corollary 12.21 and Lemma \2. 41 Part (2) should be 
replaced with [30] Lemma 2.6 and (this paper) Lemma \2 . 5 1 respectively. 

End of sketch of proof of the Claim. 

Note that from the Claim, it follows that for 7 < j < 12, 

\\x j -l\\<24\\x-l\\ 1 / 2 

and 

|| % -l||<24||.x-l|| 1 /2. 
From the above, we have that 

x 

= u\x\ 

vi=i / V= 7 / 

n^i'^) Y[( vx 3 v *^m v *) vz ' 
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Let z vz'. Then ||z-l|| < e. Also, (1 - \\v - 1||)(1 - \\z' - 1||) > (99/100) 2 > 
1/2. Hence, by [H] Lemma 3(b), T(Log{z)) = T {Log{v)) + T(Log(z')) = for all 
r£T(A). □ 

Next, towards the proof of Theorem 12.181 we slightly reword [15] Lemma 5.17 
for the case of interest: 

Lemma 2.16. Let A be a unital C*-algebra with cancellation of projections and 
two projections p,q € A with p + q = 1 and u G A a partial isometry such that 
u*u = p and uu* < q. 

Say that x G U (A) with x — 1 G pAp and \\x — 1|| < 1. 

Then there exist v, w G U (A) and y G U (A) with y — 1 G qAq such that 
x = (v.w)y, \\y — l\\ = |ir-l||, max{||u— 1||, ||u;-lj|} < Hx-ll) 1 / 2 , andT{Log(y)) = 
T(Log(x)). 

Proof. This follows immediately from the statement of |15j Lemma 5.17, taking 
qyq =df uxu* + q — uu* and noting that y is unitarily equivalent to x. (Here 
cancellation is used.) □ 

Remark 2.17. In the proof Theorem \2.18\ we will repeatedly use Lemma \2.16\ 
and |15j Proposition 5.18. We note that in the latter, if the C*-algebra A is infinite 
dimensional simple TAI, and if the starting unitary x satisfies \\x— 1| < 1/4 then all 
the unitaries and partial unitaries in the statement are in the connected component 
of the identity. This follows immediately from the statement of [15] Proposition 
5.18, and from the assumption that A is simple TAI. 

Theorem 2.18. Let A be a unital separable simple TAI-algebra. 

(1) Suppose that u G U°(A) is a unitary such that At(u) = 0. 

Then there exist unitaries Xj,yj G U°(A), 1 < j < 34, such that 

34 

i=i 

(2) Suppose that x G GL°{A) is an invertible such that Ax(x) = 0. 

Then there exist invertibles Xj,yj G GL°(A), 1 < j < 46, such that 

46 

i=i 

Proof. The proof is a modification of the arguments of [TS] (see also [3D]), subtitut- 
ing our lemmas in the appropriate places. (It is also the multiplicative version of 
Thierry Fack's result in [9] for additive commutators.) For the convenience of the 
reader, we provide the proof. 

Firstly, since A is simple unital infinite dimensional TAI, A has the ordered K$ 
group of a simple unital real rank zero C*-algebra (see [3DJ Theorem 4.8 and [7] 
Theorem 4.18). Hence, since simple infinite dimensional real rank zero C*-algebras 
are weakly divisible ([28] Proposition 5), A is weakly divisible; i.e., for every nonzero 
projection p G A, for all n > 2, there is a unital embedding of M„ ©M„ + i into pAp. 
From this, there exist projections p n ,qmfn hi A (n > 1) such that the following 
hold: 

(1) px + qx+rx = I- 
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(2) p n ^ q„ 

(3) r m _L r n when m 7^ n. 

(4) r„ = p n+ i + q n+ i, n > 1. 

(See [9] Lemma 3.6, [15] Proposition 6.1 (the proof) and [30] Lemma 1.7.) 
By Lemma EH (1), there exist 20 commutators Cj (1 < j < 20) in U°(A) and 
a G A sa with ||e' i27ra - 1|| < 1/51200 and r(a) = for all r G T(A) such that 

it = fllj=i Cj) e' 27ra . By [TS] Lemma 5.18 (and also Remark[H7]) to e l27ra , there 
exist commutators C2i,C22 in C/° (-4.) and a unitary a; G C/°(^4) such that u = 
(Uf=iC 3 )x' ,x' -le {qi+r^Aiqi+n), \\x' -l\\ < 1/6400 and T(Log(x' )) = 0. 
By applying |15j Lemma 5.18 to x' , there exist commutators C23, C24 in U°(A) and 
a unitary xq G C/°(^4) such that u — frij=i CjJa;o,a;o— 1 € r\Ar\, \\Xq— 1|| < 1/800 
and T(Log(xo)) — 0. 

Following the argument of j!5j Proposition 6.1, we now construct (by induction) 
unitaries x n ,y 3 n ,z 3 n (n > 1, 1 < j < 9) in C/°(^4) with xi = £0 such that the 
following hold: 

(2.40) 

(a) \\x n - 1|| < l/(100n 2 ), T(Log(x n )) = and i„-l£ r n Ar n . 

(b) ||^-1||,||4 -1|| <2/n(l< j <9) 

(c) y 3 n -l,z 3 n -l€r n Ar n (1 < j < 8) 

(d) ^-1,2^-le (r„ + r n+ i)„4(r n + r n+ i) 

(e) x n = (jfj^ivi, zl)j x n+1 . 

Suppose that the unitaries {£m}m = i, {4}m=i (1 < j < 9) have al- 

ready been constructed with x± — xq. 

Apply Lemma [2. 151 (1) to x n + r n — 1 to get x' n ,y 3 n ,z 3 n € U°(A) (1 < j < 6) such 
that the following hold: 

6 




51200(n+ l) 2 
T(Log(x' n )) = 
y 3 n - l,z 3 n - 1 € r„„4r„ 
||^-l|| ) ||4-l||<2/n 

for 1 < j < 6. 

Apply [T5] Lemma 5.18 to p Tl +i, q n +i an d +r„ — 1 G U (r n Ar n ) . (Recall that 
since A is TAI, A is i^i-injective; hence, x' n G U°(A) implies that x' n + r„ — 1 G 
f/°(r„^r„).) We then get x'^y 3 n ,z 3 n G U°(A) (j = 7,8) such that the following 
hold: 




x — 1 e <?„+i»4g„+i 
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IK- ill < 



6400(n+ l) 2 
T(Log(<)) = 

Vri 1) z n ~ 1 S T n Av n 

||^-l||,||4-l||<2/n 

for j =7,8. 

Now apply Lemma 12.161 to g n+1 ,r n+ i and x" + q n +i + r n +i - 1 € (? n +i + 
r„ + i)^l((7„ + i + r n+ i) to get x n+ i, j/^, z\ 6 J7°(A) such that the following hold: 



Xn+l 

\\x n +i - 



VJ=1 



-16 r„ + i^4.r n+a 
1IK 1 



6400(n + l) 5 



2/n - !j 4 - 1 G (<7n+i + r n+ i)^4(g n+ i + r„+i) 
|!y^~l|| ; ||z r 9 l -l||<2/n 

This completes the inductive construction of the sequences in (12 .40[) . 
Observe that since iJJ-lG 3n+i.A<?n+i and x n +i — 1 € r n+ iAr n+ i (and x^ 
(y^, z^)x n+ i), we must have that (y n , ■?„) ~ 1 e r nAr n + r n +xAr n +i- 
We now modify the sequences in (|2.40[) . 
Let yl = d f zl =,jf 1 and for n > 1, 



,,9 r 9 \* 
-1) 2 n-lJ 



~df (Vn-ll z n-l) z n(yn-l> z n-l) 



for 1 < j < 9. 

From the observation above, we have that j/„ — 1, z 3 n — 1 € r n Ar n for 1 < j < 8 
and g-l,i|J-le(r n + r n+ i).A(r n + r n+ i). 

As a consequence, for 1 < j < 8, the unitaries y 3 n , z 3 n ,y 3 n ,J 3 n commute with 
the unitaries y^, 2^, y^,2^ for 1 < fc < 8 and m ^ n, and also for = 9 and 
m ^ {rt — 1, n, n + 1}. One then can prove (by induction) the following two relations: 



Xi 



and 



2n 



k=l 



\k=l 



ki Z k) 



k=l 



\k=l 



fc=l 



fe=l 



X„+l 



2fc-l 



n^n 



•2A- 



vfe=l 



fc=l 



vfe=l 



fe=l 



For all n > 1, let y£ = df UkliVk and 4 



2k-l' i>n 



=d/ n*=i 2/2fe> and 4° =df nLi 



=4f 



'2A" 



Clearly, as n — ¥ oo, the sequences {y n },{^„} converge in .A to, say, ylcZ 3 ^ 
respectively (1 < j < 10). Also, x n +i — > 1 as n — > oo. Hence, we have that 
xi = ri7=i(Wioj"^oo)- Combining this with the above, we have that 



n<*)(n<* 



oo ) ^oo/ 
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I.e., u is the product of 34 commutators in U° (A). 

The proof of Part (2) is the same as the proof of Part (1), except that Lemma[2J~4| 
(1), Lemma T2.15I (1). Lemma T2.16[ and [TS] Lemma 5.18 are replaced with Lemma 
12.141 (2). Lemma T2.15I (2). [15] Lemma 5.11 and [15] Lemma 5.12 respectively. □ 

We note that the above argument is an improvement on the (nonetheless im- 
portant and interesting) argument of [30 in that there are uniform upper bounds 
(namely 34 and 46 for the two cases) for the number of commutators. (The proof 
in [30] itself does not give any upper bound and, conceivably, the number of com- 
mutators (in the argument) could get arbitrarily large depending on the unitary or 
invertible chosen.) The argument in [15] gives an upper bound (4) for invertibles, 
but no explicit upper bound for unitaries - though the proof should lead to one. 

It is an open question whether the number of commutators can be reduced. 

In the next section, we will show that for the invertible case, the number (presently 
34) of multiplicative commutators can be reduced to 8. 

3. Reducing the number of commutators 

Lemma 3.1. Let A be a unital C*-algebra and p, q G A projections with p + q = 1. 
Say that x £ GL°(A) is such that pxp, qxq are invertible and 

1 



\\qxp(pxp) 1 pxq\\ < 



\(qxq)- 



Then there exist 



P 
qsp 



t 



v ptq 

q 



pdp o 
qdq 



in GLP(A) such that x = std. 

Moreover, we have the following: 

(a) If x is a positive invertible, then pdp and qdq are positive invertibles. 

(b) dist(pdp, U"{pAp)) = dist(pxp, U°(pAp)) anddist(qdq, U°(qAq)) < dist(qxq, U a {qAq))- 
\\qxp(pxp)~ 1 pxq\ \ . 

Proof. The proof is exactly the same as that of [TS] Lemma 5.8. □ 

Lemma 3.2. Let A be a unital simple separable C*-algebra such that either 

(1) A is a TAI-algebra, or 

(2) A has real rank zero, strict comparison and cancellation of projections. 

Let x £ A be either a positive invertible or dist{x, U°(A)) < 1/10. 
Then for every nonzero projection r £ A with r ^ 1, there exists a projection 
p G A with p ~ r such that pxp and (1 — p)x(l — p) are invertible and 

||(1 - p)xp(pxp)- 1 px(l -p)\\ < — — j- — — . 

ik(i -p)x(i - P )) m 

Moreover, in the case where dist(x,U°(A)) < 1/10, for every e > 0, we can 
choose p so that 



||(1 -p)xp(pxp) ^(l -p)|| < 



(dist(x,U°(A))+. 



y/l - (21/ 10) (dist(x, U%Aj) + e) 

anddist(pxp, U°(pAp)), dist((l-p)x(l-p), U°((l-p)A(l-p))) < dist{x, U°{A)) + 
e. (Note that the last quantity is bounded above by 1/10, when e is small enough.) 
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Proof. Let us first assume that A is unital simple infinite-dimensional and TAI. We 
will prove the case where dist(x, U°(A)) < 1/10. 

Let u G U°(A) be such that ||x — u\\ < 1/10. We may assume that e < 1/10 — 
||x-u||. 

Firstly, multiplying u (and also x) by a scalar in T if necessary, we may assume 
that 1 € sp(u). (Note that all relevant statements and inequalities are preserved 
under such a multiplication.) 

Choose 5 > such that if c,d € A sa with \\c-d\\ < 5 then ||e* 27rc -e i27rd || < e/100. 
We may assume that 5 < e/100 and that if a E K and |a| < 5 then | e * 27ra — 1| < 
e/100 < 1/100. 

By [22] Theorem 3.3, let a G ,4 be a self-adjoint element such that \\u — e l2va \\ < 
e/100. Since 1 E sp(u), we may assume that E sp(a). 

Let / € (— oo, oo) — > [0, 1] be a continuous function such that 




>0 a E (-5/10,5/10) 
= a <£ (-5/10,5/10) 



Since E sp(a), f(a) ^ 0. Hence, since A has (SP) (see [20] Theorem 3.2), let 
e E A be a, nonzero projection such that e € Her(f(a)). Moreover, since ^4 is 
simple TAI and r ^ 1, we may choose e so that e < 1 — r. (Note that .4 is weakly 
divisible (see the argument for the existence of {p n , In, f n } in the proof of Theorem 
I2.18P and has strict comparison (see [20] Theorem 4.7).) Hence, let r' E Her(l — e) 
be a projection such that r' ~ r. 

Also, ||(1 - e)a(l - e) - a|| = || - ea - ae + eae|| < \\eX(-8/w,8/w)(a)a\\ + 
ll«X(-5/io,5/io) («)e|l + ||ex(_ 5 /io,5/io)(a)ae|| < 35/10. Hence, 

|| w _ e i27r(l-e)a(l-e)|| < || u _ e «2«-a|| + 1| _^{l-e)a{l-e) || < e /l + e/100 = e/50. 

Since .4 is TAI, Her(l — r) is TAI, and there exist a projection p 1 E i?er(l — e) 
and a C*-subalgebra B C Her(l - e) with B E INT such that p' < e, 1 B = 1 -e-pf, 
unitaries m € U°(p'Ap'), u 2 E U°(B) and projectons r" e Her(p'), r'" E B such 
that 

||(1 - e ) e ^(l-e)a(l-e) (1 _ g) _ ^ ^ < ^qq 

and 

||r'-(r"©r'")|| < e/100. 

Note that ||x-(effiuiffiu 2 )|| < ||x-u|| + e^ 1 - 6 ^ 1 ^! + || e i M 1 - e W 1 - e )- 
(e © ui © w 2 )|| < ||x - u\\ + e/50 + e/100 = ||x - u\\ + 3e/100 < 1/10. We denote 
this computation by "(*)". 

For simplicity, let us assume that B = M N (C[0, 1]). 

Since r" < p' ^ e, let p" < e be a projection such that p" ~ r". Also, by 
[29] Lemma 1.9, there exist pairwise orthogonal minimal projections Pi,p%, ■■■>Pn S 
Mjv(C[0, 1]) and continuous functions ffi, 32, 3jv : [0,1] — > T such that ||u 2 — 

EjLi siPi II < e/100. 

Suppose that r'" is the sum of M minimal projections in B (where M < N). 
Then take p =df p" + J2j=i Pj ■ Clearly, p ~ r. 

By (*), |bzp-(p" + E^iftPj)ll < ||pxp-p(e©Miffiu 2 )p|| + \\p{e®u 1 ®u 2 )p- 
(p" + J2j=x 9jPj)\\ < \\ x — M ll + 3e/100 + < 1/10. We note in particular that since 
p" + J2j=i 9jPj 1S i n U°(pAp), pxp is invertible and dist(pxp, U°(pAp)) < 1/10. 
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By (*), - P)x(l - p) - ((e - p") ® m ®J2;=m + i9jPM < ||(1 - J>)x(l - 
p) - (1 -p)(e® ui ® u 2 )(l -p)\\ + \\(l-p)(e®u 1 ®u 2 )(l-p) - ((e-p")® Ul ® 
Ylj=M+i 9jPj)\\ < \\ x ~ u \\ + 3e/100 + < 1/10. Note in particular that since 
(e -p") ®u% ©Sj=M+i 9jPj is in U°((l-p)A(l -p)), (1 -p)x(l -p) is invertible 
and dist((l - p)x(l - p),U°((l - p)A(l - p))) < 1/10. 

Note that since u, e are arbitrary, the computations in the previous two para- 
graphs actually show that for every e > 0, we can choose p so that dist(pxp, U (pAp)), dist((l— 
p)x{l - p), C/°((l - p)A(l - p)) < dist(x, U°(A)) + e. 

To simplify notation, let u 3 —df p"+^2jLi 9jPj- II (pxp)* pxp— 1| = || (pxp)*pxp— 
(pxp)*u 3 \\ + \\(pxp)*u 3 - U3U3H < \\(pxp)*\\\\pxp - u 3 \\ + \\{pxp)* - u%\\ < (1 + 
1/10)(1/10) + 1/10 = 21/100. Hence, sp{{pxp)* pxp) C (1 - 21/100, 1 + 21/100). 
Hence, || {{pxp)* pxp)- 1 1| < 1/(1 - 21/100) = 100/79. Hence, Wipxp)-^ < 10/^79. 
By a similar argument, |j((l — p)x{l — p)) _1 | < 10/\/79. 

Note that (*) and the computation in the previous paragraph actually shows 
that \\{pxp)*pxp- 1|| < (2l/lQ)\\pxp-pu z p\\ < (21/10)(||x- u\\ + 3e/100). Since 
u was arbitrary, for every e > 0, we can choose p so that sp{{pxp)* pxp) C (1 — 
(2l/lO)(dist{x,U a (A)) + e),l + {2l/lO){di st(x,U°{A)) + e)). Hence, for eve ry e > 0, 
we can choose p so that 1 1 {pxp) ~ 1 1 1 < 1/^1 - (21 / 10) (dist(x, U°{A)) + e). 

Next, ||px(l-p)|| < \\px(l—p)—pu(l—p)\\ + \\pu(l—p)—p(e®ui®U2)(l — p)\\ + 
\\p(e®ui®u 2 )(l-p)\\ < l/10 + 3e/100 + 0< 1/10 + 3/1000= 103/1000. Similarly, 
\\(l-p)xp\\ < 103/1000. Hence, \\(1 - p)xp\\\\px(l - p)\\ < 10609/1000000 < 
79/100 < || (pap )-i|||| (( i- p)3! (i- p)) -i r Hence, 

||(1 -p)xp(pxp)- x px(l-p)\\ < — — — — . 

||((1 -p)x(l -p)) l \\ 

Since u, e are arbitrary, the computation of the previous paragraph also yields 
that for every e > 0, we can choose p so that ||pa;(l— ||(1— p)xp\\ < dist(x,U°(A))+ 
e. Hence, for every e > 0, we can choose p so that 

\\(l-p)xp(pxp)- l px(l-p)\\ < (dist(x, U°(A))+e) 2 /^l - (21/10) (dist(x, U°(A)) + e). 

The proof for the case where a; is a positive invertible is similar (and easier). 

For the case where A has real rank zero, strict comparison and cancellation, one 
uses that if y is positive invertible or unitary in U° (A) then y can be approximated 
(arbitrarily close in norm) by positive invertibles with finite spectrum or unitaries 
with finite spectrum, respectively. (See, for example, [17].) One also uses that A 
has strict comparison and the Riesz property. □ 

Lemma 3.3. Let A be a unital separable simple C*-algebra such that either 

(1) A is TAI, or 

(2) A has real rank zero, strict comparison and cancellation of projections. 
Let x E A be a unitary in U (A) or a positive invertible. 

Then there exist pairwise orthogonal projections p±,p2, ■■■,P93 E A with Y]j—i Pj = 
1.4 and pj ~ pk for 1 < j, k < 47 or 48 < j,k < 93, and elements s,t,d E GL(A) 
such that the following hold: 

(1) s is lower triangular: s = 1 + ^ZjykPjSPk- 

(2) t is upper triangular: t = 1 + ^j^Pjtpk- 

(3) d is diagonal: d = ^ZjPjdpj. 
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(4) x = std. 

Moreover, (if x G U (A)) we can choose the projections pj so that for 1 < j < 93, 
Pjdpj G GL°(pjApj) (in U°(pjApj) respectively). 

Proof. Since „4 is weakly divisible (see the second paragraph in the proof of Theorem 
12 - 18[) . there exists nonzero projections p,q G A such that 47 [p] + 46 [q] = [1.4]. 

The rest of the proof is similar to [TS] Lemma 6.4, except that we use (this paper) 
Lemma |3. II and Lemma 13.21 instead of |15j Lemma 6.3. For the case where x is a 
unitary, in order to make the induction work, we additionally need to use the norm 
estimates in Lemmas 13.11 and 13.21 which require e to be sufficiently small (at each 
step of the induction). By inspection, taking e = 1/10 1000 (for all the steps) will 
suffice. □ 

Lemma 3.4. Let A be a unital simple separable C*-algebra such that either 

(1) A is a TAI-algebra, or 

(2) A has real rank zero, strict comparison and cancellation of projections. 

Let x G A be either a unitary in V (A) or a positive invertible element. 
Then there exist pairwise orthogonal and pairwise (Murray-von Neumann) equiv- 
alent projections qi,q2,..., q4e G A and elements %i,yi,X2,y2,z G GL(A) with 

x = (xi,yi)(x 2 ,y 2 )z 

and 

z — 1 G qiAqi- 



Proof. The argument is exactly the same as |15) Lemma 6.5, but where we use 
Lemma l3~3l instead of [15] Lemma 6.4. □ 

Theorem 3.5. Let A be a unital simple separable TAI-algebra. 
Let x G GL°(A) be such that A T {x) = 0. 
Then there exist Xj,yj G GL°(A), 1 < j < 8, such that 

8 
3=1 

//, in addition, x is a unitary (in V (A) ) or a positive invertible, then there exist 
Xj,yj G GL°(A) (not necessarily unitary or positive), 1 < j < 4, such that 

4 

i=i 

Proof. In the case where x is either a unitary (in the connected component of the 
identity) or a positive invertible, the proof is exactly the same as |15j Theorem 6.6, 
except that [TS] Lemma 6.5 is replaced with Lemma I3T41 and also, [TS] Proposition 
6.1 is replaced with Theorem 12.181 

Now for the general case. If x G GL°(A) is arbitrary, let x = u\x\ be the polar 
decomposition of x. Then by Lemma [2.121 Ar(u) = Ar(|a;|) = 0. Then, by the 
cases for unitaries and positive invertibles, u and \x\ are both the product of 4 mul- 
tiplicative commutators. Hence, x is the product of 8 multiplicative commutators, 
as required. □ 
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4. The real rank zero case 

Theorem 4.1. Let A be a unital simple separable C*-algebra with real rank zero, 
strict comparison, and cancellation of projections. 

(1) Suppose that u G U°(A) is a unitary such that Af(«) = 0. 

Then there exist unitaries Xj,yj € U°(A), 1 < j < 34, such that 

34 
3=1 

(2) Suppose that x G GL°(„4) is an invertible such that At(x) = 0. 

Then there exist invertibles Xj , yj G GL°(„4), 1 < j < 46, swc/i i/iai 

46 
3=1 

Proof. The proof of this theorem is very similar to the proof of Theorem 12.181 

Firstly, by [TO] , there exists a unital simple AH-algebra C with bounded dimen- 
sion growth and real rank zero and a unital *-homomorphism $ : C — > A such 
that <1> is an isomorphism at the level of the K-theory invariant. I.e., we have the 
following: 

i. The induced map 

: (^o(C),X (C) + ,^ 1 (C),[l c ]) -> (K (^),^ (^)+,^i(^),[U]) 

is an isomorphism of ordered groups with unit. 

ii. The induced map T($) : T(A) — > T(C) is an affine homeomorphism. 
Replacing C with $(C) if necessary, we may assume that C is a unital C*-subalgebra 
of A. We denote the above statements by "(+)" . 

The proof (both Parts (1) and (2)) is exactly the same as the argument leading 
up to Theorem 12.181 In particular, one needs prove analogues to Lemma 12.131 
Lemma 12.141 and Lemma 12.151 as well as the argument of Theorem 12.181 itself. 

Here are the main additional ingredients: 

(a) Since A has real rank zero, if u G U°(A), then u can be approximated by 
unitaries with finite spectrum (|17j). More precisely, for every #2 > 0, there 
exists a self-adjoint element a G A, with finite spectrum, such that 

\\u-e a ™\\ < S 2 . 

(E.g., the above statement replaces the statement (|2.5[) from Lemma [2. 131 ) 
Note also that by (+) statement i. (and since A has cancellation of pro- 
jections), there exists a unitary z G A such that zaz* G C and hence, 
ze ^a z * = e i2*zaz* g c We then work with e l27Tzaz * inside C, which is 
TAI. 

(b) If a; € GL (A) is a positive invertible, then, since A has real rank zero, 
x can be approximated arbitrarily close by positive invertibles with finite 
spectrum. Once more, by (+) statement i. (and since A has cancellation), 
these positive invertibles are unitarily equivalent to positive invertibles in 
C, and we work in C, which is TAI. 

□ 
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The reduction of commutators argument goes through with essentially no change. 

Theorem 4.2. Let A be a unital separable simple C*-algebra with real rank zero, 
strict comparison and cancellation of projections. 

Let x € GL°(A) such that A T (x) = 0. 

Then there exist xj,yj £ GL°(A), 1 < j < 8, such that 

8 

//, in addition, x is a unitary (in U°(A) ) or a positive invertible, then there exist 
Xj,yj G GL a (A) (not necessarily unitary or positive), 1 < j < 4, such that 

4 

x = n^'^)- 

Proof. The proof is exactly the same as the proof of Theorem 13.51 except that 
Theorem 12. 181 is replaced with Theorem 14. II Note that all the preliminary lemmas 
leading up to Theorem 13.51 include the real rank zero case. □ 
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